We determine the modified elliptic genus of an M5-brane wrapped on various one modulus Calabi-Yau spaces, using modular invariance together with some known GopakumarVafa invariants of small degrees. As a bonus, we find nontrivial relations among Gopakumar-Vafa invariants of different degrees and genera from modular invariance.
Introduction
The modified elliptic genus of an M5-brane wrapped on a Calabi-Yau space counts the degeneracies of D4-D2-D0 BPS black holes [1, 2, 3] . This partition function is modular invariant and can be determined entirely by the knowledge of the degeneracies of a finite number of states [4, 5, 6, 7, 8, 3] . See also [9, 10, 11] . This was applied in [3] to an M5-brane wrapped on the hyperplane section of the quintic threefold. In this note, we extend the result of [3] to some other Calabi-Yau spaces: the sextic, octic, dectic in weighted projective spaces, as well as the bicubic in P 5 .
The modified elliptic genus of an M5-brane wrapped on an ample divisor P in CalabiYau space X takes the form
where Λ ⊂ H 2 (P, Z) is the image of ι : H 2 (X, Z) ֒→ H 2 (P, Z) Z X,P is expected to be a Jacobi form of weight (− 3 2 , 1 2 ). Our approach, as in [3] , is to determine Z X,P from the polar terms in the q-expansion of Z δ 's. The latter involves the degeneracy of BPS D4-D2-D0 bound states with small charges, and can be determined from geometric reasoning. In [3] , the geometric counting was "naive" in that the authors did not take into account singularities in the classical moduli space of the D4-D2-D0 bound states, which need to be resolved. There one needed to invoke arguments based on the holographic dual of the M5-brane (0, 4) CFT to get the precise counting. In this note we proposed a more refined counting solely based on the geometry, and we will see that it gives precisely the correct countings that are consistent with the constraints imposed by modular invariance.
We will count D4-D2-D0 bound states with small charges by quantizing their classical moduli space. The classical supersymmetric configuration of D4-D2-D0 system involves a hypersurface P (hyperplane in our examples), with U (1) fluxes represented by a type (1, 1) harmonic form F , together with n point-like instantons (D0-branes). Up to the shift by J/2, F represents an integral class in H 2 (P, Z), and can be represented by an integral linear combination of holomorphic curves C i in P . It is most convenient to think of C i 's as curves in X that coincide with P . Note that two curves can be homologous in X but not homologous as classes in P . We will mostly think of the simple case when C i 's are rigid curves. In general they are counted by Gopakumar-Vafa invariants [15, 16, 17] . 3 One can then think of (a component of) the classical moduli space as the space M of hyperplane P that passes through a set of given curves C i as well as n points in X.
With C i 's rigid and fixed, M is essentially a projective space fibered over the space of n points in X. The index that counts BPS states is given by the Euler characteristic (in a suitable sense) of M, which is easy to evaluate on the smooth components of M. The naive description of M based on classical geometry has a lot of singularities. For example, wherever some of n points coincide with one another, or coinciding with one of the curves C i , the dimension of the fiber projective space jumps and M is singular. Physically, such singularities can often be resolved by the nonabelian degrees of freedom of the D-branes.
2 When P is not ample, there can be a holomorphic anomaly in the Z δ 's [14] . This subtlety does not appear in the examples we will be considering, and will be ignored in this note. 3 When the curves have moduli, it is a priori not obvious that Gopakumar-Vafa invariants are relevant for our counting. However, holography suggests that this should be the case [3] .
We expect M to be fibered over a resolved space of n points in X (possibly the Hilbert scheme with a curve C, we will replace the locus in the moduli space where p lies on C by the space of possible directions p can approach C (a P 1 worth of them) fibered over C. When three points collide, we can replace the locus where the three points coincide by the space of planes spanned by three points infinitesimally close to one another (a P 2 worth of them).
The resolution of the moduli space is not so straightforward when more than three points collide. It can presumably be understood in terms of the nonabelian dynamics of the D-branes. Fortunately we will not need them in the examples considered in this note.
In the following section we will compute the modified elliptic genus for an M5-brane wrapped on the hyperplane section in the quintic in P 4 , sextic in WP 2,1,1,1,1 , octic in
, and the bicubic in P 5 . We will make use of the GromovWitten and Gopakumar-Vafa invariants computed in [18, 17] (more complete results can be found in [19] ). The details of the modular vectors involved are described in the appendix.
2. The M5-brane elliptic genus on a number of Calabi-Yau spaces 2.1. The quintic in P 4 , revisited
In this subsection we recall the result of [3] , but will recount the degeneracies of BPS states of small charges from a refined geometric picture. The modified elliptic genus takes the form
and the Z i 's are given by
As a nontrivial check, the number of D4 bound to 2 D0-branes can be counted by considering a hyperplane that passes through two points, say p 1 , p 2 . When p 1 and p 2 are distinct, there is a P 2 worth of hyperplanes that pass through both points. When p 1 , p 2 collide, we need to resolve the moduli space and take into account the directions p 2 can approache p 1 . This amounts to replace the locus in the moduli space where the two points collide by a P 2 . In this case, we shall require not only p 1 = p 2 lie in the hyperplane, but the vector determined by the direction along which p 2 approaches p 1 lie in the hyperplane as well.
This again determines a P 2 worth of hyperplanes. The counting is
which indeed agrees with the corresponding coefficient in Z 0 , predicted by modular invariance.
Next let us consider a D4 with one unit of flux, and bound to one extra D0. This is counted by a hyperplane that passes through a degree 1 rational curve C 1 , as well as an extra point p. When p does not lie on C 1 , p and C 1 determine a P 1 worth of hyperplanes.
When p collides with C 1 , the moduli space is resolved so that it contains the space of directions along which p can approach C 1 at any given point, which is another P 1 . So that counting is
precisely agreeing with the corresponding coefficient in Z 1 .
Now consider a D4 with two units of fluxes and D0-brane charge one more than the minimal value (the second coefficient in the q-expansion of Z 2 ). The counting receives three contributions: a hyperplane that passes through a degree 2 rational curve C 2 and a point p, with the flux being F = C 2 ; a hyperplane that passes through two distinct degree 1 rational curves C 1 and C ′ 1 , with the flux being F = C 1 + C ′ 1 ; or a hyperplane that passes through a degree 3 rational curve C 3 , with the flux being F = J − C 3 . In the first case, we again need to resolve the locus of the moduli space where p collides with C 2 , as before.
There is also an extra minus sign one needs to take into account as in [3] . 4 Using the well known Gromov-Witten invariants of degree 1,2,3, the counting is 4 We do not know how to understand this directly from quantizing the classical moduli space.
This is not a contradiction since disconnected branches of the moduli space can contribute with different signs. This sign was determined in [3] from the fermion number of the wrapped M2-brane in the holographic dual.
which again agrees with the prediction from modular invariance.
A more difficult example is a D4 bound to 3 D0's. There are essentially two kinds of contributions: a hyperplane that passes through two different degree 1 rational curves C 1 and C ′ 1 , with the flux being F = C 1 − C ′ 1 ; or a hyperplane that passes through three points p 1 , p 2 , p 3 . The contribution from the first case is straightforward: C 1 and C with the quintic in the P 4 .
(e) p 1 = p 2 = p 3 . Resolving the moduli space replaces the point by a P 2 worth of planes spanned by three close by points. Each such plane determines a P 1 worth of hyperplanes.
Putting these together, we get the counting
It is striking yet puzzling that the result differs from the prediction from modular invariance, 5817125, by −2875 (recall that 2875 is the number of degree 1 rational curves in the quintic). In the above counting we have ignored the more complicated situation where the points p 1 , p 2 , p 3 lie on a degree 1 curve C 1 (as opposed to a generic line L). The corrections one obtain by taking into account such configurations will presumably be a multiple of 2875. We do not understand why the multiplicity is "1", which we will leave to future investigation.
In summary, we found remarkable agreement of the modified elliptic genus with the proposed geometric counting by resolving the singularities of the moduli space.
Degree 6 hypersurface in WP (2,1,1,1,1)
The Calabi-Yau 3-fold X 6 is defined as the hypersurface
in the weighted projective space WP (2,1,1,1,1) , where f 4 and f 6 are polynomials of homogeneous degree 4 and 6 in x 2 , · · · , x 5 . We will assume that f 4 , f 6 are generic and X 6 is smooth. The choice of complex structure is not essential for our purpose. X 6 has h 1,1 = 1, The modified elliptic genus takes the form
where the Θ
i 's are defined as in (2.2), and Z 1 = Z 2 . A direct counting from geometry gives the polar terms Z 0 (τ ) = q where · · · are non-polar terms, of higher orders in q. This determines the modified elliptic genus by modular invariance. We will leave the details of the modular forms to the appendix, and write the first few terms in the q-expansion here
Let us make a few checks. The number of D4 bound to 2 D0's can be counted directly from the geometry. Naively, by resolving the moduli space of a hyperplane passing through two points p 1 , p 2 as before we get will also pass through two other points in the sextic with the same x 2 , · · · , x 5 coordinates but with different x 1 coordinates. If p 2 is one of these two points, it will not constrain the hyperplane any further, and hence there is a P 2 , instead of a P 1 , worth of hyperplanes through p 1 , p 2 . This gives a correction (−204) · 2/2 to the degeneracy. In the end we get 40596 − 204 = 40392 which precisely agrees with (2.7).
The number of D4 bound to 1 D2 and 1 D0 can be counted directly:
which again exactly matches the predicted answer in Z 1 (τ ).
Degree 8 hypersurface in WP
The Calabi-Yau 3-fold X 8 is defined as the hypersurface The modified elliptic genus takes the form
Direct counting from geometry gives the polar terms of Z 0,1 (τ ),
These determine the modified elliptic genus completely. We will leave the details of the modular forms to the appendix, and write the first few terms in the q-expansion here
Let us make a few checks. The direct counting of D4 bound to D2 and a D0 gives the q curve that lies on a hyperplane in X 8 could contribute to the degeneracy and they might account for the above discrepancy. We will leave this point to future investigation. X 10 is the hypersurface defined by a polynomial of homogeneous degree 10 in the weighted projective space WP (5, 2, 1, 1, 1) . It has h 1,1 = 1, h 2,1 = 145, χ = −288, c 2 = 34h.
The hyperplane section P has 6D = P · P · P = 1, c 2 · P = 34. Note that P is defined by a linear equation in x 3 , x 4 , x 5 only. The (0, 4) CFT has central charges
A straightforward counting of D4-D0 bound state with D0 charge 0, 1 determines the first two terms in the modified elliptic genus
Requiring that Z X 10 is a Jacobi form of weight (− ) then determines it to be
A naive direct counting of D4 bound to 2 D0's give (−288) · (−289)/2 + (−288)χ(P 2 ) + 231200 = 271952 which is 248 more than the value 271704 predicted by modular invariance. Now a hyperplane through one point p 1 will also contain a whole curve with the same x 3 , x 4 , x 5
coordinates. There is again a correction to the degeneracy when p 2 lies on this curve, which is more subtle since the curve may degenerate depending on the x 3 , x 4 , x 5 coordinates. And furthermore, a genus g degree 1 curve C g would have self-intersection 2g − 3 and the flux C g − J would carry D0 charge 2 − g. Such curves may contribute if they lie in a hyperplane section. A careful analysis of these contributions is beyond this note.
Bicubic in P

5
X 3,3 is defined by
in P 5 , where P and Q are generic cubic polynomials. X 3,3 has h 1,1 = 1, h 2,1 = 73, χ = −144, c 2 = 6h. The hyperplane section P has 6D = P · P · P = 9, c 2 · P = 54. The The modified elliptic genus has the form
i (τ , y) (2.14)
where Θ (m) i are defined as before. There is also the relation Z i = Z 9−i . By direct counting from geometry we can determine the first few terms in the q-expansion of the Z i 's
We did not try to determine the (?) coefficient in Z 0 (τ ) because of the potential ambiguity in the counting from geometry. However we can count the first (non-polar) coefficient in Z 4 (τ ) from degree 4 genus 1 curves in P , and together with the other polar coefficients they determine the modified elliptic genus completely.
The details of determining the modular forms are left to the appendix. 5 The first few terms in the q-expansion of the answer are given by which precisely agrees with the prediction from modular invariance.
2.6. Quadriconic in P 7 X 2,2,2,2 is defined by P 2 (X) = Q 2 (X) = R 2 (X) = S 2 (X) = 0 (2.17)
in P 7 , where P, Q, R, S are generic quadratic polynomials. X 2,2,2,2 has h 1,1 = 1, h 2,1 = 65, χ = −128, c 2 = 4h. The hyperplane section P has 6D = P · P · P = 16, c 2 · P = 64. The 
